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ON THE HERMITIAN CURVATURE OF SYMPLECTIC
MANIFOLDS
LUIGI VEZZONI
Abstract. In this paper we give conditions for the integrability of al-
most complex structures calibrated by symplectic forms.
We show that in the symplectic case Newlander-Nirenberg theorem re-
duces to ∇′′NJ = 0 and we give integrability conditions in terms of the
curvature and the Hermitian curvature of the induced metric.
1. Introduction
The interplay between complex and symplectic structures has been re-
cently studied by many authors. Indeed, on any symplectic manifold (M,κ)
there exists a κ-calibrated almost complex structure J , so that (M,g, J, κ)
is an almost Ka¨hler manifold.
In the context of almost Ka¨hler geometry it is natural to study the integra-
bility of the almost complex structure.
In [4] Goldberg proved that, if the curvature operator of an almost Ka¨hler
manifold (M,g, J, κ) commutes with J , then (M,g, J, κ) is a Ka¨hler mani-
fold.
He also conjectured that an Einstein almost Ka¨hler metric on a compact
manifold is a Ka¨hler metric.
If the scalar curvature is nonnegative the conjecture has been proved by
Sekigawa in [6].
For a survey, other references and results on this topic we refer to [2].
In this paper we show that, if (M,g, J, κ) is an almost Ka¨hler manifold sat-
isfying certain properties, then it is Ka¨hler. Namely we give some conditions
on the derivative of the Nijenhuis tensor and on the curvature respectively,
in order that J is integrable.
In section 2 we start by recalling some facts and fixing some notations.
In section 3 we prove that if the (0, 1)-part of the covariant derivative of
the Nijenhuis tensor of J vanishes, then J is integrable (theorem 3.3). This
result generalizes theorem 2 of [7].
In section 4 we consider three types of curvature tensors on (M,g, J, κ).
Date: November 2, 2018.
1991 Mathematics Subject Classification. 53C15,53D99, 58A14.
This work was supported by G.N.S.A.G.A. of I.N.d.A.M..
1
2 LUIGI VEZZONI
Namely, the Riemann curvature R, the curvature R˜ of the Hermitian con-
nection ∇˜ and the tensor RJ defined by
RJ(X,Y,Z,W ) = g(∇XJ∇Y Z −∇Y J∇XZ −∇[X,Y ]JZ, JW ) .
We show that if RJ and R have the same components along certain direc-
tions, then J is integrable (theorem 4.2).
Finally we prove that if the bisectional curvature of g and the Hermitian
bisectional curvature coincides, then g is a Ka¨hler metric (theorem 4.8).
A key tool in the proof of our results is the existence of generalized normal
holomorphic frames (see [7]).
2. Preliminaries
Let M be a 2n-dimensional (real) manifold.
A symplectic structure onM is a closed non-degenerate 2-form κ, i.e. dκ = 0
and κn 6= 0. The pair (M,κ) is said to be a symplectic manifold.
An almost complex structure on M is a smooth section J of End(TM),
such that J2 = −Id.
An almost complex structure J is said to be integrable if the Nijenhuis tensor
NJ(X,Y ) = [JX, JY ]− J [JX, Y ]− J [X,JY ]− [X,Y ]
vanishes. In view of the celebrated Newlander-Nirenberg theorem, J is in-
tegrable if and only if it is induced by a holomorphic structure.
An almost complex structure J on M induces a natural splitting of
the complexified of the tangent bundle. Indeed let T 1,0J M , T
0,1
J M , be
the eigenspaces relatively to i and −i respectively; then TM ⊗ C =
T
1,0
J M ⊕ T
0,1
J M . The sections of T
1,0
J M , T
0,1
J M are called vector fields
of type (1, 0) and (0, 1) respectively.
We have that T 1,0J M = T
0,1
J M and that the map X 7→ X − iJX defines an
isomorphism between TM and T 1,0J M .
An almost complex structure J is said to be κ-calibrated if
g[x](·, ·) = κ[x](·, Jx·)
is a Hermitian metric on M . In this case the triple (g, J, κ) is said to be an
almost Ka¨hler structure on M and (M,g, J, κ) an almost Ka¨hler manifold .
Let us denote by Cκ(M) the set of the almost complex structure on M
calibrated by κ. It is known that Cκ(M) is a non-empty and contractible
set (see e.g. [1]). Therefore any symplectic manifold admits almost Ka¨hler
structures.
Let (M,κ) be a symplectic manifold and J ∈ Cκ(M): if J is integrable
the triple (g, J, κ) is said to be a Ka¨hler structure on M and (M,g, J, κ) a
Ka¨hler manifold (see e.g. [5]).
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3. Some integrability conditions
In this section we give conditions on the covariant derivative of the Ni-
jenhuis tensor in order that the complex structure is integrable.
Let (M,κ, J, κ) be a 2n-dimensional almost Ka¨hler manifold. We denote
by ∇ the Levi-Civita connection relatively to g and by R the curvature
tensor of g.
We have the following (see [3] and [7])
Theorem 3.1 (Generalized normal holomorphic frames). For any point
o ∈ M there exists a local complex (1, 0)-frame, {Z1, . . . , Zn} around o,
satisfying the following conditions:
1. ∇kZi(o) = 0, 1 ≤ k, i ≤ n ;
2. ∇kZi(o) is of type (0, 1), 1 ≤ k, i ≤ n ;
3. if Grs := g(Zr, Zs), then: Grs(o) = δrs, dGrs[o] = 0 ;
4. ∇r∇kZi(o) = 0 , 1 ≤ r, k, i ≤ n ,
where Zi := Zi and ∇ZiZj := ∇iZj.
By definition {Z1, . . . , Zn} is said a generalized normal holomorphic frame
around o.
We recall that the following fundamental relation holds:
(1) 2g((∇XJ)Y,Z) = g(NJ (Y,Z), JX) .
From the complex extension of (1) it can be easily proved the following (see
[7])
Corollary 3.2. The covariant derivative along (0, 1)-vector fields of the
almost complex structure J is a tensor of complex type (0, 1), i.e.
(∇ZiJ)Zj = 0
for any Zi, Zj complex vector fields of type (1, 0).
Denote by ∇′′ the (0,1)-part of the covariant derivative associated to the
Levi-Civita connection, i.e.
∇′′WX = ∇W 0,1X ,
whereW 0,1 denotes the natural projection ofW on T 0,1J M . As a first appli-
cation of the generalized normal holomorphic frames we have the following
Theorem 3.3. Assume that
∇′′NJ = 0 ;
then (M,g, J, κ) is a Ka¨hler manifold.
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Proof. Let o be an arbitrary point inM and let {Z1, . . . , Zn} be a generalized
normal holomorphic frame around o.
Since NJ(T
1,0
J M × T
1,0
J M) ⊂ T
0,1
J M we have
Zig(NJ (Zi, Zk), Zk) = 0 .
Therefore, by the assumption ∇′′NJ = 0, we get
g(NJ (Zi, Zk),∇iZk) = 0
and consequently
(2) g(NJ (Zi, Zk), [Zi, Zk]) = 0 .
Moreover a direct computation gives
(3) NJ(Zi, Zk)(o) = −
1
4
[Zi, Zk](o) .
Hence (2) and (3) imply NJ(Zi, Zk)(o) = 0 , i.e. J is integrable, so that
(M,g, J, κ) is a Ka¨hler manifold. 
Remark 3.4. Let B the (2,1)-tensor on (M,g, J, κ) defined by
(4) B(X,Y ) = J(∇XJ)Y − (∇JXJ)Y .
Then the Nijenhuis tensor of J is the antisymmetric part of B.
In [7] (theorem 2) it is proved that an almost complex structure J is inte-
grable if and only if ∇′′B = 0 . Therefore theorem 3.2 generalizes theorem
2 of [7] .
Remark 3.5. With respect to a generalized normal holomorphic frame,
{Z1, . . . , Zn}, the components of the curvature tensor Rikrs(o) and Rikrs(o)
are given by
• R
ikrs
(o) = −g(∇
k
∇iZr, Zs)(o) ,
• Rikrs(o) = g(∇i∇kZr, Zs)(o) .
In order to study the integrability of a κ-calibrated almost complex struc-
ture J it is useful to introduce the following tensor
L(X,Y,Z,W ) = g((∇XB)(Y,Z),W ) ,
where B is defined by (4).
A first property of the tensor L is given by the following
Lemma 3.6. This identities hold
Lijrs = Ljisr ;
Lijrs = Lijrs = Lijrs = 0 ,
for 1 ≤ i, j, r, s ≤ n.
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Proof. Let o be an arbitrary point in M and let {Z1, . . . , Zn} be a gener-
alized normal holomorphic frame around o. By the definition of L and the
properties of generalized normal holomorphic frames, we get
Lijrs(o) =g((∇iB)(Zj , Zr), Zs)(o)
=g(∇i(B(Zj , Zr)), Zs)(o)
=g(∇i(J∇jJ)Zr, Zs)(o)− ig(∇i(∇jJ)Zr, Zs)(o)
=2ig(∇iJ∇jZr, Zs)(o) + 2g(∇i∇jZr, Zs)(o)
=2ig(∇iJ∇jZr, Zs)(o) + 2Rijrs(o) ,
i.e.
(5) Lijrs(o) =2ig(∇iJ∇jZr, Zs)(o) + 2Rijrs(o) .
By a direct computation we get
Lijrs(o) =2iZig(J∇jZr, Zs)(o) + 2ig(∇jZr, J∇iZs)(o)
+ 2Rijrs(o) .
Then we have
Lijrs(o) =2iZig(J∇jZr, Zs)(o) + 2iZjg(Zr, J∇iZs)(o)
− 2ig(Zr ,∇jJ∇iZs)(o) + 2Rijrs(o)
=− 2Zig(∇jZr, Zs)(o) + 2Zjg(Zr,∇iZs)(o)
− 2ig(Zr ,∇jJ∇iZs)(o) + 2Rijrs(o)
=− 2g(∇i∇jZr, Zs)(o) + 2g(Zr ,∇j∇iZs)(o)
− 2ig(Zr ,∇jJ∇iZs)(o) + 2Rjisr(o)
=− 2Rijrs(o) + 2Rjisr(o)
− 2ig(Zr ,∇jJ∇iZs)(o) + 2Rjisr(o)
=− 2ig(Zr ,∇jJ∇iZs)(o) + 2Rjisr(o) .
In a similar way we obtain
Ljisr(o) = −2ig(Zr ,∇jJ∇iZs)(o) + 2Rjisr(o) .
Therefore
Lijrs(o) = Ljisr(o) .
The second part of the proof is straightforward. 
As a corollary of theorem 3.3 we have the following (see also [7]):
Proposition 3.7. Assume that
L(Zi, Zi, Zj , Zj) = 0 ,
for any complex vector fields Zi, Zj of type (1, 0); then (M,g, J, κ) is a Ka¨hler
manifold.
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Proof. Let {Z1, . . . , Zn} be a generalized normal holomorphic frame around
o. A direct computation gives
(6) L(Zi, Zi, Zj , Zj)(o) = g(∇iZj,∇iZj)(o) ;
hence ∇iZj(o) = 0 .
Therefore NJ(Zi, Zj)(o) = −
1
4 [Zi, Zj ](o) = 0 . 
4. Curvature and integrability
In this section we give an integrability condition in terms of curvature.
We start defining the following tensor
RJ(X,Y,Z,W ) = g(∇XJ∇Y Z −∇Y J∇XZ −∇[X,Y ]JZ, JW ) .
We have
Lemma 4.1. Let {Z1, . . . , Zn} be a generalized normal holomorphic frame
around o, then
RJ
ijrs
(o) = −ig(∇iJ∇jZr, Zs)(o) .
Proof. By the definition of RJ it follows that
RJ
ijrs
(o) =− ig(∇iJ∇jZr, Zs)(o) + ig(∇jJ∇iZr, Zs)(o)
− g(∇[Z
i
,Zj ]Zr, Zs)(o)
=− ig(∇iJ∇jZr, Zs)(o) + ig(∇jJ∇iZr, Zs)(o) .
By corollary 3.2, we have (∇iJ)Zj = 0 . Therefore we obtain
g(∇jJ∇iZr, Zs)(o) = ig(∇j∇iZr, Zs)(o) = 0
and then
RJ
ijrs
(o) = −ig(∇iJ∇jZr, Zs)(o) .

The previous lemma and equation (5) give us
(7) Lijrs(o) = −2R
J
ijrs
(o) + 2Rijrs(o) .
Moreover equation (7) and lemma (3.6) imply the following
Theorem 4.2. If
RJ(Zi, Zj , Zi, Zi) = R(Zi, Zj , Zi, Zj) ,
for any Zi, Zj of type (1, 0), then J is integrable.
Remark 4.3. The hypothesis of the previous theorem can be replaced by
RJ(JX, Y,X, JY ) = R(JX, Y,X, JY )
for any X,Y real vector fields.
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Let ∇˜ be the Hermitian connection on (M,g, J, κ); ∇˜ is the connection
defined by
∇˜ = ∇−
1
2
J∇J .
Then ∇˜ preserves the metric g, the almost complex structure J and its
torsion is given by the Nijenhuis torsion, namely
∇˜g = 0, ∇˜J = 0 , T ∇˜ =
1
4
NJ .
Let us denote by R˜ the curvature tensor of ∇˜.
From [6] we have the following
Lemma 4.4 ([6]). For any X,Y,Z,W we have the following formula
R˜(X,Y,Z,W ) =
1
2
R(X,Y,Z,W ) +
1
2
R(X,Y, JZ, JW )
−
1
4
g((∇XJ)(∇Y J)Z − (∇Y J)(∇XJ)Z,W ) .
Now we have
Lemma 4.5. Let {Z1, . . . , Zn} be a local (1, 0)-frame. Then
(8) R˜ijrs = Rijrs +
1
4
Lijrs
for any 1 ≤ i, j, r, s ≤ n.
Proof. Let {Z1, . . . , Zn} be a local (1, 0)-frame; from lemma 4.4 we have
R˜ijrs =
1
2
Rijrs +
1
2
Rijrs −
1
4
g((∇iJ)(∇jJ)Zr, Zs) +
1
4
g((∇jJ)(∇iJ)Zr, Zs)
=Rijrs +
1
4
g((∇jJ)(∇iJ)Zr, Zs) .
From corollary 3.2 we have (∇jJ)Zr; then we get
g((∇iJ)(∇jJ)Zr, Zs) = 0 .
Therefore
R˜ijrs =Rijrs + i
1
4
g((∇jJ)∇iZr, Zs)−
1
4
g((∇jJ)J∇iZr, Zs)
=Rijrs + i
1
4
g(∇jJ∇iZr, Zs)− i
1
4
g(J∇j∇iZr, Zs) +
1
4
g((∇j∇iZr, Zs)
+
1
4
g((J∇jJ∇iZr, Zs)
=Rijrs + i
1
4
g(∇jJ∇iZr, Zs) +
1
4
g(∇j∇iZr, Zs) +
1
4
g((∇j∇iZr, Zs)
+ i
1
4
g((∇jJ∇iZr, Zs)
=Rijrs + i
1
2
g(∇jJ∇iZr, Zs) +
1
2
g(∇j∇iZr, Zs) ,
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i.e.
(9) R˜ijrs = Rijrs + i
1
2
g(∇jJ∇iZr, Zs) +
1
2
Rjirs .
Let assume now that {Z1, . . . , Zn} is a generalized normal holomorphic frame
around a point o. Then equations (9) and (5) imply
R˜ijrs(o) = Rijrs(o) +
1
4
Ljirs(o) .

Theorem 4.2 and lemma 4.5 imply the following
Theorem 4.6. If
R˜(Zi, Zi, Zj , Zj) = R(Zi, Zi, Zj , Zj)
for any Zi, Zj (1, 0)-fields, then (M,g, J, κ) is a Ka¨hler manifold.
Remark 4.7. The hypothesis of theorem 4.6 can be given as
R˜(X,JX, Y, JY ) = R(X,JX, Y, JY ) .
for any pair of real vector fields X,Y
The last theorem can be stated in terms of the bisectional curvatures of
∇ and ∇˜.
Let p ∈ M and v,w be two unit vector of TpM . Then the holomorphic
bisectional curvature of the planes σ1 =< v, Jv >, σ2 =< w, Jw > is
defined by
K[p](σ1, σ2) = R(v, Jv,w, Jw) .
We denote by K˜[p](σ1, σ2) the Hermitian bisectional curvature (i.e. the
bisectional curvature of the Hermitian connection). For any p ∈ M let
P1,1p (M) be the set of J-invariant planes in TpM .
Hence we get
Theorem 4.8. If
K(p)(σ1, σ2) = K˜(p)(σ1, σ2)
for any p ∈M and σ1, σ2 ∈ P
1,1
p (M), then J is an integrable almost complex
structure and therefore (M,g, J, κ) is a Ka¨hler manifold.
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